THE MUKAI PAIRING, I: THE HOCHSCHILD STRUCTURE 



ANDREI CALDARARU 

Abstract. We study the Hochschild structure of a smooth space or orbifold, emphasizing the 
importance of a pairing defined on Hochschild homology which generahzes a similar pairing 
introduced by Mukai on the cohomology of a K3 surface. We discuss those properties of 
the structure which can be derived without appealing to the Hochschild-Kostant-Rosenberg 
isomorphism and Kontsevich formality, namely: 

- functoriality of homology, commutation of push-forward with the Chern character, and 
adjointness with respect to the generalized pairing; 

- formal Hirzebruch-Riemann-Roch and the Cardy condition from physics; 

- invariance of the full Hochschild structure under Fourier-Mukai transforms. 
Connections with homotopy theory and TQFT's are discussed in an appendix. A separate 
paper [3] treats consequences of the HKR isomorphism. Applications of these results to the 
study of a mirror symmetric analogue of Chen-Ruan's orbifold product will be presented in a 
future paper. 
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1. Introduction 



1.1. The present work is the first in a series of three papers dedicated to the study of the 
Hochschild structure of smooth spaces, laying out the foundational material used in the other 
two jni, [ini- The Hochschild structure {HH*{X),HH^{X)) is defined for a space A, and 
its fundamental properties are studied. The space X can be an ordinary compact complex 
manifold, or more generally a global quotient compact orbifold, a proper Deligne-Mumford 
stack for which Serre duality holds, or a compact "twisted space" in the sense of 0. 
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1.2. The Hochschild structure of X consists of 

- a graded ring HH*{X), the Hochschild cohomology ring, whose z-th graded piece is 
defined as 

HH\X) = HomD.^^(^,^)(^A, €?aH), 

where = A*^x is the structure sheaf of the diagonal in X x X; 

- a graded left (X)-module HH^,{X), the Hochschild homology module, defined as 

HHiiX) = HomD.^^^(^^^)(A,^x[i], ^a), 

where Ai is the left adjoint of A* defined by Grothendieck-Serre duality 1)3. 3|) : 

- a non-degenerate graded pairing ( • , • ) on HH^(X), the generalized Mukai pairing. 

The Hochschild cohomology ring has a rich and developed theory (UJ, EH)- The above defini- 
tion of homology is, to the author's knowledge, new (but see for an alternative equivalent 
definition, and [211 for a different attempt). The last important ingredient of the structure, 
the Mukai pairing, has not been studied previously from the perspective of Hochschild theory. 

1.3. In his groundbreaking work 26 Mukai studied the relationship between the derived 
category and the cohomology of K3 surfaces X and Y by defining 

- a map v : B^^^iX) H*{X, C) given by 

V{.^) =ch(^).td(X)l/2^ 

where td(X) is the Todd genus of X {v{^) is called the Mukai vector of 

- an association $ i-^ <I>* which maps the integral transform 

$ : ^UiX) ^ ^U{y)^ H-) = ^YA^*xi- ) ® 
defined by an object in D^^^{X x Y) to the map on cohomology 

: H*{X, C) -^H*{Y,C), ^yA^*x{ ' 

- a pairing ( • , ■ ) on the cohomology H*(X, C), given by the formula 

{v,w) = / V0.W4 - V2.W2 + V4,.Wo, 

Jx 

where for a vector v G H*(X, C), Vi is the component of v in W{X, C). 

It is worth emphasizing that the map <I>* does not respect the usual grading on the cohomology 
H*{X,C). 

1.4. Mukai argued that the following properties are satisfied for K3 surfaces X and Y: 

a. Functoriality: The association of maps on cohomology to integral transforms is func- 
torial, in the sense that Idj^t ^ (^x) ^ ^^H*(x,c)-, a-iid ° ^)* = ^* ° 

b. Commutation with v: The following diagram commutes 



H*{X,C) — ► H*{Y,C). 
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c. Adjointness: If $ : Bl^i,{Y) ^ B^^^iX) is left adjoint to ^ : D^^^l^) ^ D^oh(^) 
then 

{^:,v,w)x = {v, ^'*u;)y 
for V G H*(Y, C), w G H*{X, C). 

d. Hirzebruch-Riemann-Roch: For (f , ^ G T)'^^^{X) we have 

M^),t;(^))=x(^,^), 
where x( ' ) ' ) is the Euler pairing on Ko{X), 

^) = ^(-1)* dimExt^(<f , ^). 

j 

It follows immediately from these properties that if ^ is an equivalence of triangulated 
categories, then is an isometry between the corresponding cohomology groups, endowed 
with the Mukai pairing. 

1.5. This paper is devoted to generalizing Mukai's results to a wide class of compact spaces, 
including in particular smooth compact complex manifolds, twisted spaces in the sense of jH], 
and certain orbifolds or Deligne-Mumford stacks for which Serre duality holds. The main point 
we want to emphasize is that the natural target for defining Mukai's structure is not singular 
cohomology but rather Hochschild homology. Replacing singular cohomology by Hochschild 
homology, we shall obtain all of Mukai's results for the wide class of spaces above. 

The first observation that hints to the fact that ordinary cohomology is not the right target 
for the definition of the maps is the observation that in the case of a smooth compact 
complex manifold these maps do not respect the usual grading on singular cohomology. The 
correct grading that is preserved is the one given by the verticals, and not the horizontals of 
the Hodge diamond of the space, which is precisely the grading on Hochschild homology. 

1.6. To relate our approach to the original one of Mukai observe that the Hochschild-Kostant- 
Rosenberg theorem asserts the existence of an isomorphism ( 9') 

Ihkr : HHiiX) ^ HP{X, f]^) = H^iiX) 

q-p=i 

between the i-ih. Hochschild homology of a smooth projective manifold X and the n + i-th. 
column of the Hodge diamond of X. 

It would seem natural to expect that, in the case of a K3 surface X, the /hkr isomorphism 
will match the abstract structures that we shall define on HH^,[X) with the original structure 
of Mukai. However, we believe that a correction is needed for that: in |9j we conjecture that 
we need to adjust the Ihkr isomorphism by multiplying it by td(X)^/^ before the abstract 
structure we define will yield Mukai's original one. 

1.7. Let us now present our results. After some generalities on integral transforms and Serre 
duality in Section [2 we discuss the construction of left-right adjoint functors in Section |31 
This will be the basis for all our results. Then in Section we define Hochschild homology and 
cohomology, as well as the generalized Mukai product. In Section [5] we consider an integral 
transform $ : D^qj^(A) — > Yi^^^^(Y) between two spaces X and Y and define a natural map 
of graded vector spaces : HH^,{X) — > HH^iY). Using this construction we present in 
Section El a definition of a Chern character map 

ch : K^{X) ^ HHo{X) 
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which agrees, under /hkR; with the usual Chern character map (1^1) 

ch:Ko{X)^^HP{X,n^^). 

p 

(And which, under the corrected isomorphism HHq{X) = ^ HP'P{X), yields the Mukai vector. 
It is worth emphasizing that on the level of Hochschild homology, no correction by the Todd 
genus is needed; this correction appears in the usual statements because of the "wrong" choice 
of HKR isomorphism.) We also discuss a definition equivalent to ours given by Markarian j24j . 

1.8. The formal properties a — d of (|1.4j) can now be proven to hold in full generality, 
using HH^{X) instead of H*{X, C) and ch instead of v. The corresponding results are The- 
orems 15. 3| 17.11 17. 3| and 17.61 A slightly more general version of the Hirzebruch-Riemann-Roch 
theorem can be stated in this context (Theorem 17. 9|) . Its origins can be traced to the Cardy 
condition in physics. It turns out in fact that properties a and c are truly fundamental, while 
b and d are easy consequences of them. 

1.9. The final result of the paper is a proof, in Section |H1 of the fact that the full Hochschild 
structure is invariant with respect to Fourier-Mukai transforms. The main result is: 

Theorem IHTTl ^ Let X andY be spaces whose derived categories are equivalent via a Fourier- 
Mukai transform (i.e., the equivalence is given by an integral transform). Then there exists a 
natural isomorphism of Hochschild structures 

{HH*{X),HH4X)) ^ {HH*{Y),HH^{Y)). 

More precisely, there exists an isomorphism of graded rings HH*[X) = HH*{Y), an isomor- 
phism HH^{X) = HH^iY) of graded modules over the corresponding cohomology rings, and 
the latter isomorphism is an isometry with respect to the Mukai pairings on HH^ (X) and on 
HH^{Y), respectively. 

1.10. Throughout the paper there will be a certain tension between the "Ext" interpretation 
of the Hochschild structure given in (|1.2j) and a parallel categorical interpretation. The point is 
that there are alternative ways, outlined in Appendices^andEl to regard elements of HH*{X) 
and HH^,{X) not as morphisms in D|?qj^(X xX), but rather as natural transformations between 
certain functors Y)^^^^{X) — > Yy^^^-^iX)- Unfortunately, despite our best efforts, we have been 
unable to make these ideas fully precise. This appears to be primarily caused by certain known 
technical problems with the definition of the derived category However the intuition 
behind the categorical interpretation is most often the correct one, and as a compromise we 
have decided to steer a middle course: we presented our results in mathematically correct form 
in the "Ext" interpretation, and we gave the intuitive ideas in the categorical context. We 
highly recommend the reader to read the appendices for gaining intuition into the proofs. 

The current state of affairs is somewhat unsatisfactory, as several of the proofs appear 
unnecessarily complicated. We can only hope that future developments of category theory will 
enable us to rewrite this paper at a later date in the "correct" (categorical) language. 

Acknowledgments. I have greatly benefited from conversations with Eyal Markman, Tom 
Bridgeland, Mircea Mustafa, Andrew Kresch, Tony Pantev, Jonathan Block, Justin Sawon 
and Sarah Witherspoon. Many of the ideas in this work were inspired by an effort to decipher 
the little known but excellent work 5211 of Nikita Markarian. Greg Moore suggested the 
connection between the formal Riemann-Roch theorem and the Cardy condition in physics. 



Parts of this theorem were also proven independently by Orlov |29|. 
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Conventions. Throughout the paper a space will be a compact complex manifold or proper 
algebraic variety over an algebraically closed field of characteristic zero, possibly endowed 
with an Azumaya algebra, or a smooth compact Deligne-Mumford stack which satisfies Serre 
duality. The derived category of a space will refer to the bounded derived category of coherent 
sheaves on the underlying space (which, in the case of the existence of an Azumaya algebra jz/, 
shall mean coherent sheaves of modules over £/). Functors between derived categories shall 
always be implicitly derived, but we shall keep clear the distinction between Hom and RHom. 
Whenever we write ^ ® ^ where ^ is an object and ^ is a morphism, we mean Id^ 

2. Preliminaries 

In this section we set up the basic context and notation. We also provide a brief introduction 
to Serre functors and Grothendieck-Serre duality. Our basic reference for these results is jl]. 
We discuss a trace map that arises from the existence of Serre functors and which is intimately 
related to one studied by Illusie JS] and Artamkin p. 

2.1. Let X and Y be spaces, and let S be an object in D[IqJj(X x Y). If ttx and vry are the 
projections from X 'xY to X and y, respectively, define the functor 

^i^Y ■■ Dcoh(^) - ^U{y) ^i^y( • ) = Rvry,,(7r^( • ) § 
which will be called the integral functors (on derived categories) associated to S (or with kernel 

The association between objects of D|?qj^(X x Y) and integral transforms is functorial: given 
a morphism ^ : S ^ ^ between objects of Ti^^^^{X x y), there is an obvious natural transfor- 
mation 

given by 



^^^y(-) = vry,*(v^i(•)®M)• 
2.2. Given spaces X,Y,Z, and elements G Dcoh(^ x ^) and ^ G Dcoh(^ ^ define 
^ o ^ G D^„i,(X X Z) by 

^06^ = ■KxzA'^*XY<^ ® T^YZ'^)^ 

where vrxy, vry^, vrxz are the projections from X x Y x Z to the corresponding factors. The 
reason behind the notation is the fact that we have (pi 1-4]) 

^Y~*Z ° ^X^Y — ^X-yZ- 

2.3. Recall the definition of a (right) Serre functor on an additive category C with finite 
dimensional Hom spaces from j3U| (generalizing slightly the original definition of j4j). A Serre 
functor is a functor S : C ^ C together with natural, bifunctorial isomorphisms 

r]A,B ■■ Rome {A, B) ^ Homc(S,5^)^ 

for any A, B, where • ^ denotes the dual vector space. For any A in C, define 

Tr : Hom(A, SA) ^ C, Tr(/) = r/A,A(idA)(/). 
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The following are easy consequences of the definition of a Serre functor (see [301 details) : 

Lemma 2.1. For f : A ^ B and g . B ^ SA, we have 

VA,B{f)i9)=TT{gof). 

Lemma 2.2. For f : A ^ B and g : B ^ SA, we have 

TT{gof)=TT{Sfog). 

2.4. To connect with more classical approaches to Serre duality, recall that Illusie Ql6jl and 
Artamkin (^) construct a trace map 

Tr^ : Homx(=^ (g) <f , ^ (g) <f ) ^ Homx(^,^) 

for objects c^,^,^ in the derived category of a compact, smooth space X, which generalizes 
the usual trace map on vector spaces. One way to write the definition of this trace map is that 
ifjj,: ^(^S'—i-'^i^S' then Tr^(;u) is the composition 



^ — i ^ (g) ^ ^ (g) ^ ® ^ (g 

Here r/ : ffx — > (g) = RHom((^, <§') is the morphism which sends the section "1" of to 
the the identity of Hom((^,(^), 7 is the isomorphism that interchanges the two factors, and e 
is the original trace map of Illusie and Artamkin. This definition should be compared to the 
generalized trace map of May |2H] . 
If we consider the functor 

Sx{-) = u;x[dimX] ® -, 
then in the standard form of Serre duality (03^) one constructs a trace map 

Trx :Homx(^x,5x^x) 
such that for objects <f , ^ of D^^jj(X) the paumg 

(•,•): Homx(=^, Sx^) ® Homx(<^, ^) ^ C 

given by 

{f,9)=Tvx{Tvsifog)) 
is non-degenerate. This yields isomorphisms 

Homx(<^,^) = Romx{^,Sx^y 

for every (o, ^ which are natural in both variables. Applying [3UL 1.1.4] it follows immediately 
that Sx is a Serre functor for D^^j^(X). We shall often abuse notation and denote Trx(Tr^( • )) 
by Trx(-)- 

2.5. The following generalization of a standard formula from linear algebra is a rather involved 
result in category theory: 

Proposition 2.3. Assume given a map of triangles 

<f ^ " [1] 



/ 



where the bottom triangle is obtained by tensoring the top one with . Assume furthermore 
that it is possible to find representatives of all the objects in the diagram as complexes of 
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sheaves, such that the maps are maps of complexes and the squares commute on the nose (not 
just up to homotopy), and that g is the natural quotient map obtained from e and f . Then we 
have 

Tr^(e)-Tr^(/)+Tr^^(5) =0 

as morphisms 

Proof. This is |251 Theorem 1.9]. The condition about representing the objects as complexes, 
etc., is precisely what the proof of [loc. cit.] uses. □ 

The following is an easy exercise in linear algebra: 

Lemma 2.4. Let ii : S ^ S ®^ and v -.'^ ^ M' he morphisms in Yi\^^{X). Then 

Tr^((id^ (g)z^) o ii) = v o Tr^ifJ-) 

as morphisms ^ J^. 

3. The basic construction 

3.1. The following rather innocuous remark about the construction of a right adjoint functor 
from a left adjoint one is the basis for all the results in this paper. Consider a functor 

that admits a left adjoint 

<I>*:D^,,(y)^DL(X). 

Let and W be objects in Y)'^^^{X). The fact that <I> is a functor implies that there is a 
natural map 

Homx(^,^) ► Homy($^,$^). 

By Serre duality we can construct a left adjoint of this map (with respect to the Serre pairing) 

Romx{^,Sx'^) - — - — Homy($^,5y$^). 
The following proposition gives an explicit description of the map 
Proposition 3.1. Let : D^^j^(y) J^coh(^) 5^^en hy 

= Sxo^* oSy^. 

Then is a right adjoint to and if v ^ Homy(<I>^, Sy'^'^) then ^"^v is the composition 

where fj, e are the unit and counit of the adjunctions <I> H <!>', <I>* H <I>, respectively. 
Explicitly, for fi G Homx(^,=^) and v G Homy (<I>^, 5'y<I>?^) we have 

Trx(^>^z^ o ^) = Try(i/ o $^). 

Remark 3.2. There is a striking similarity between the definition of $V and the definition 
in |25j of the generalized trace maps. It would be interesting to get a good explanation of this 
similarity. 
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Proof. Serre duality on X and Y gives the following diagram for ^ G T)^^^{X), € D'^^^{Y) 

V I >- ^^'v o fi 

Homy($^, JT) — ^ Homx(^,Sx$*5y^^) = Homx(^, JT) 

dual to dual to 

Homy(5y^^,$^) Homx($*5y^^,^) 

^JXOT] ■* 1 /i, 

where r] is the unit of <I>* H and the top and bottom rows are dual to each other and are 
given by the adjunctions <I> H $* H It follows that Sx^^Sy^ is a right adjoint to <I> (see 
also (23 Section 2]). 

Reading the duality between the top and bottom rows of the above diagram we get 

Trx(^'i^ of] o p,) = Try(z^ o ^fl o rj). 

If we take = Sy^^ ^ ^ and u as in the statement of the proposition, and p, = fj, o e, then 
^p, o rj is nothing but and we conclude that 

Tixi^'i^ o f] o fio e) = Try(z^ o ^n). 

By the commutativity property of the trace fLemma l2.2() this can be rewritten as 

Try(i/ o ^fi) = Trx{Sx^ ° ^'^^ o fj o fi) = Trxi^^i^ o 

□ 

3.2. If for some functor ^' : D[!qj^(X) D[!qj^(X) we have a natural transformation 

then the above construction yields a new natural transformation 

: Ix <^>-^ =^ ^-Sym = Sx^*^^ Sx"^, 

and thus we can view <I>^ as a map 

: Nat($, Sy^"^) Nat(lx, ^x^-) 

where Nat denotes the set of natural transformations between the corresponding functors. By 
Proposition 13. II we have for any fi : — > ^ 

Trxii^^J^)^ o fi) = Try o ^>/i). 

3.3. The same kind of argument can be used to define a left adjoint to ^ when a right adjoint 
is known. For example, 

is a left adjoint to A*, where A : X — > X x X is the diagonal embedding. 
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3.4. A similar kind of construction is the following: assume ^ and ^ are functors from 
D^jjj^(X) to D[!Qjj(y), which admit right adjoints respectively. Then there exists a 

natural isomorphism 

r : Nat(^>, ^) ^ Nat(^'', «>'), 
which maps fi : ^ =^ to the composite 

^- > $ <I)^- <i) \i/\i/- > <!>•. 

Indeed, an inverse to r is given by mapping u : <1>' to the natural transformation 

$ > > : > ^f. 

4. The Hochschild structure: definition and basic properties 

4.1. In this section we define Hochschild homology and cohomology for a space. The Mukai 
product is also introduced, together with its categorical interpretation. For simplicity of expo- 
sition we present everything for a smooth compact scheme with no group action; the case of 
an orbifold (or Deligne-Mumford stack) is obtained by thinking of all the objects involved as 
equivariant. For example the diagonal in X x X will be viewed as an equivariant subvariety 
of X X X, all Ext's are computed in the category of equivariant sheaves, etc. (see O Section 
4] for details). We give some hints on how to deal with general orbifolds in 1)4.4(1 . Similarly, 
the case of twisted spaces will be obtained by working in a twisted derived category (with the 
observation that the diagonal can also be viewed as an (a, a)-twisted sheaf, etc.), and Serre 
functors make sense |8j. 

4.2. Let X be a smooth, proper variety of dimension n over C. The following notations will 
be used throughout the paper: 

- A : X ^ X X X is the diagonal embedding; 

- uJx is the canonical bundle of X; 

- Sx = i^xln] as an object of D'^^^{X); often we shall also think of Sx as the Serre 
functor Sx ^ — 

- Sx>cx = u;xxx[2n] in B^^iX x X); 

- = A^&x^ Sa = A^Sx, = A^.S'^^; 

- A, : D|!^j^(X) ^ D^^i^(X X X) is the left adjoint of A*, 

Note that Ai^x = S^^. 
Definition 4.1. The Hochschild cohomology of X is defined to be 

HH\X) = Hom^o , (xxX)(^A, ^aW) = Ext^,^(^A, ^a), 

con ' 

and the Hochschild homology is defined as 

HK,{X) = Hom^. m(A,^xW, ^a) = Ext3^^^^(A,^x, ^a) 

coh \ 

= Ext3^*^^(S'^^^^ (g) 5a, ^a) 

= Ext^xx(^A''^A). 
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4.3. This is a compact definition of the Hochschild groups, but for completeness we include a 
discussion of the relationship of our definition with the classical definitions of Weibel jHl]. For 
further details on the cohomology side see |32j. 

The bar resolution is defined to be the complex of quasi-coherent sheaves of ^xxx-modules 

, ^1" ^ > ex®c<^x®c<^x ^ <^x ®c <^x 0, 

with ^xxx-module structure on &^ given by multiplication in the first and last factors, and 
with differential 

(i(ao ®a\®---® an) = 

aofli (8) a2 (8) • • • (8i a„ — oq aia2 (8 • • • (8) a„ + • • • + 
{-l)"-~^ao (g) ai (g) • • ■ (g) a„_ia„. 

It is a resolution of in ncof)(X) ^ 1.1.12]. 

Hochschild cohomology is defined by Weibel by taking this resolution, applying the functor 
Hom y V y ( • , ^a)) and then taking hyper cohomology of the resulting complex. Since the bar 
resolution is a resolution by free i^x-modules, applying Hom y y y ( • , ^a) and taking hyperco- 
homology amounts to computing the complex 

Rr(X X X,RHom;^^^(^A, ^a)) = RHomxxx(^A, ^a), 

whose i-th cohomology group is precisely Ext^^xl'^A, ^a), which is our definition of HH^{X). 

Similarly, HHi{X) is usually defined by taking the bar resolution, applying the functor 
— (gxxx ^Ai and then taking hyper cohomology of the resulting complex, thought of as a com- 
plex of i^x-niodules by multiplication in the ^a factor. (The complex obtained by tensoring 
the bar resolution with ^a is usually referred to as the bar complex.) In derived category 
language this is equivalent to computing 

Rr(X,A*^A) = RHomx(^x,A*^A) = RHomxxx(A!^x, ^a). 

Hence the i-th homology group of Rr(X, A*^a) (which is the classic definition of HHi{X)) 
is naturally isomorphic to the i-th homology (or (— i)-th cohomology) group of 

RHomxxx(A!^x,^A)- 

which is our definition of HHi{X). 

4.4. An alternative way of defining HH^(X) is to take the exact category (toi){X) of coherent 
sheaves on X and to apply Keller's construction [T^, which yields Hochschild homology. This 
provides an alternative easy way to define Hochschild homology for arbitrary orbifolds: the 
usual notion of an orbibundle generalizes immediately to that of a coherent orbisheaf, and 
these form an abelian category. Applying Keller's construction to this abelian category yields 
a definition of Hochschild homology for an arbitrary orbifold. A similar approach also works 
for the abelian category of twisted sheaves. 

4.5. In the affine case, the idea of defining Hochschild homology as an Ext group appears also 
in |33j (where it is applied to the study of Gorenstein rings, which are precisely the rings for 
which Serre duality works as for smooth schemes). 
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4.6. Degree Bounds. The following result shows that homology and cohomology are non- 
zero only in certain dimensions. 

Lemma 4.2. If A is a locally complete intersection in X x X (in particular, if X is smooth), 
then 

^(A*^a) = 

for i < or i > dimX, where ^(A*(^a) denotes the i-th homology sheaf of the complex 

Proof The sheaf ^(A*^a) can be identified with Torf'<^(^A, ^a)- If is a locally com- 
plete intersection, this can be computed from the Koszul resolution, which has length dimX. 
The result follows. □ 

From the lemma it follows immediately that cohomology lives in degrees < i < 2n and 
homology can be non-zero only for —n<i<n, where n = dimX. Indeed, 

RHomxxx(^A, ^a) = RHomx(A*^A, ^x), 

and the Grothendieck spectral sequence computing the right-hand side of the above equality 
will only have non-zero terms ^E'P'S in the square < p,q < n. Similarly, the spectral sequence 
computing 

RHomx(^x,A*^A) 

(which yields Hochschild homology) will only have non-zero terms for < p < n, —n < q < 0. 

4.7. Ring-Module Structure. Cohomology is naturally a graded ring, with product given 
by Yoneda composition, and homology is a graded left -ff-ff*(X)-module with the same action. 
The graded structure is given by the composition maps 

HH\X) O HHj{X) HHj^i{X). 

4.8. Mukai Product. Homology is equipped with a non-degenerate inner product (the Mukai 
product) 

(•,•): HH^{X)(^HH^{X) ^ C, 
which pairs HHi{X) with HH^i{X). In order to define it, consider the contravariant functor 

' : J^l,^{X xX)^ Bl^iX X X) 

given by 

=/>(^^®7ri*5x), 

where 

= BMomxxxi'^, ^xxx). 

and p is the involution on X x X that interchanges the two factors. Since every object in 
D^^^{X X X) is quasi-isomorphic to a finite complex of locally free sheaves of finite rank, |15[ 
II. 5. 16] shows that the functor ■ induces an isomorphism 

T :Romxxx{^,m ^HomxxxC^-,^-), 

for G Dcoh(^ X 
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4.9. If we take ,^ = S^[i] and §f = ^a, then = and = S/^[-i]. Indeed, we have 

where A' = S'xA*S'^^^^ is the right adjoint of A* (15, III.ll.l]), and thus 

< = /9(A,S^i ® ^ISx) = p(^a) = ^A, 

and similarly for . 

Thus T is an isomorphism between 

HHi{X) = Homxxx(S^'W, ^a) 
and Homxxx('^A5 'S'Ai— i]), which is the Serre dual of HH^i{X), 

Homxxx(^A, SA[-i]) = Romxxxi^A, SxxxS^^[-i]) = IIomxxx(5'xM-^]i ^aY 

= HH^iixy. 

Definition 4.3. The non-degenerate pairing 

HH,{X) (g) HH^,{X) C 

given by 

{v,w) = Tixxx{t{v) ow). 
is called the generalized Mukai pairing. Note that it is not symmetric in general. 

4.10. For a more intuitive (but not fully precise) introduction to the Hochschild structure, 
the reader is suggested to consult Appendices El and IbI 

4.11. In the particular case ^ = S^^ , ^ = ^a, (|3.4j) provides a better understanding of the 
isomorphism 

r : Romxxx{S^^, ^a) ^ Homxxx('^A, ^a). 
Indeed, r will map /i : S^^i] ^ ^A to 

r(/u) : ^A ^ SaH] o S^'^ii] o ^A ^ SaH] o ^a o ^a — SaH], 

where fj and e are the "unit" and "counit" of the "adjunctions" S^^ H 5a, ^a ^ ^A, respec- 
tively (see Proposition 15.11 for the precise meaning of this unit and counit). But we have 

SA[-i]oSX^\i]offA = ^A, 

and thus fj is a map i^a ^ A^ which is obviously the identity. Similarly e is seen to be the 
identity under the identification 

5A[-i]o^AO^A = 5A[-i]. 

We conclude that T(/i) is nothing else than ® tt^^x, under the obvious identifications. (We 
use 7r2 because all the Sa's appear on the left.) 

Observe that an identification similar to the one in 1)3. 4jl could be made using left adjoints 
instead of right ones. This gives another isomorphism 

r : IIomxxx(5'X^[i], ^a) ^ Homxxx('^A, S'Al-i]), 
which is easily seen to be multiplication by t^\Sx- 
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5. FUNCTORIALITY OF HOMOLOGY 

We present in this section the construction of a map of graded vector spaces 

: HH^{X) ^ HH^Y) 

associated to an integral transform <I> : Y)'^^^{X) Y)'^^^(Y). This construction is natural 
in the sense that to the identity functor we associate the identity map on homology, and 
($ o ^z)^ = (J)^ o for composable integral transforms $ and ^. It is worth pointing out that, 
despite its name, Hochschild cohomology is not functorial in any reasonable sense. 

5.1. Let $ : T)^^^{X) ^^ohO^) exact functor which admits a left adjoint (for example, 
any integral transform). Given an element /i € HH^{X) we want to define in a way that 
would be natural with respect to 

Let us begin with the categorical interpretation, where things are easier. Recall that in 
Section El we constructed a natural map 

: Nat($,5y$^) ^ Nat(lx,5x^). 

If we take ^ to be the shift functor [i], there is a natural restriction map 

Nat(ly, SY[i]) Nat(^>, Sy^i]), 

and composing we get a map 

$t : Nat(ly,5y[i]) ^ Nat(lx,5xH). 

The defining property of <I>^ is the equality 

Trx((^V)j^ o fi) = Try(zy$j^ o 

for any ly E Nat(ly, S'y [i]) and fi : ^[i] — > J^. In particular, if G Nat(ly,S'y) and we take 
/U = id_^ , we have 

Trx((^^z^)jr) =Try(i/$^). 

To construct the map : HHi{X) — > HHi{Y) we would want to take the adjoint of <I>^ 
(recall that homology is thought of as the dual of Nat(ly , Sy) with respect to Serre duality of 
natural transformations). Unfortunately we do not know how to make this precise, hence we 
need to switch to the "Ext" interpretation. 

5.2. We want to use Proposition 13. II to rewrite the above definition in a way that generalizes 
to the "Ext" interpretation. Indeed, we want to find a map 

: Homxxx(5AiW'^Ax) ^ Homyxy(5AyH,^Ay), 

and not just a map on natural transformations. 

By Proposition 13. II we see that for G Nat(ly , S'y [i]), u can be written as the composite 

where f] and e are the unit and counit of the respective adjunctions. 

Assume that $ is an integral transform, given by an object G D'^^Yii-^ ^ define 

Then by Lemma 4.5], 

are left and right adjoints of <I>, respectively. 
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Proposition 5.1. There exist natural morphisms f) : M' o ^ and e : ^ ^ 

that correspond to 

f] : Ix ^ o and e : <I>* o <I> ^ ly 

under the correspondence between morphisms between objects on a product and natural trans- 
formations of the underlying functors. 

Proof. Let Hij be the projection from X x y x X onto the i-ih and j-th factors, so that 

o ^ = 7ri3,*(7r^2^ ® vTsa^^). 

Also, let 

/\: X y.Y ^ X y.Y y. X 
be the map that on points is given by 

^ {x,y,x). 

Then we have 

Romxxxi^Ax,'^ °^) = Homxxx(^A;,, vri3,*(7ri*2^ ® vr^a^)) 

= Homxxyxx(vrif3(^Ax>^i2^ ® 7r23^) 
= Homxxyxx(A*^xxy,vr*2^ ® ^^h-^) 
= Homxxy(^Xxy, A'(7ri*2^ ® ^hi^^ ^ t^*xSx))) 
= BomxxYi^XxY, ^ ® ^1 
= Homxxy(^,=^), 

and we take 77 to be the image of the identity morphism of ^ under the above isomorphism. 
The construction of e is entirely similar and will be left to the reader. □ 

Definition 5.2. Given a morphism u : i^Ay — > define : ^Ax ~^ •S'AxW to be the 

composite morphism 

^Ax ^ ^ o ^ = ^ o o ^ ^ o ^Ay [«] o ^ = [i] o ^ o ^ ^ ^A;, [i], 

where fj and e are the maps defined in Proposition 15.11 Define 

: HH,{X) ^ HH,{Y) 

as the right adjoint to the map with respect to Serre duality on X x X and on y x y, i.e., 
for n G HH^,{X), <l>*/i is the unique element in HH^{Y) such that 

Tixxxi^^v o /i) = Tryxy(i^ o ^^^) 

for every v G Homyxy(^Ay , ^Ay)- 

5.3. The following theorem summarizes the functoriality properties of this construction: 

Theorem 5.3. The map on homology associated to the identity functor is the identity, and if 
^ : D[;qj^(X) D[;^jj(y) and $ : D[l^j^(y) — > T)'^^^{Z) are integral transforms then we have 

($ o = o 

Proof. Follows easily from the observation that if <!>*, ^* are left adjoints to <I> and ^, then 
^* o <!)* is a left adjoint to <I> o ^I/, and similarly for right adjoint. Also, the obvious relations 
between units and counits hold. This proves the result at a categorical level, and we leave to 
the patient reader the task of checking that the corresponding compatibilities hold in the Ext 
interpretation. □ 
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6. The Chern character 

In this section we define the Chern character map ch : Ko(X) — > HHo(X). We also discuss 
an equivalent construction of Markarian |24l Definition 2]. 

6.1. Let p : X ^ pthe the structure map of X, and let ^ be any object in T)^^^{X). Consider 
the functor <I> = ^'^^x defined by and observe that we have $(^pt) = By the results 
in Section [21 the integral transform <I> induces a map on homology 

: HH4pt) HH4X). 

Observe that HHQ{pt) = Homptxpt('^pt5 ^pt) has a distinguished element 1 given by the 
identity (we use the fact that Spt = ^pt)- 

Definition 6.1. Define the Chern character of ch(^), by 

ch{^) = {^f,^Ml)eHHo{X). 

6.2. Since this definition is slightly hard to work with, we unravel it to a more usable version. 
Recall that in 1)5. 1|) we defined a map 

^>"l' : Homxxx(^Ax''S'Ax) ^ Homptxpt(^Apt, -^Apt)- 
Applying its defining property with /i = id^p^, we get 

Trptxpt(^^J^) = Trx(j^<i.^pJ = Trx(i^jr) 

for any u € Homxxxi^A, S^). (Here : ^ ^ Sx-^ is the value at ^ of the natural 
transformation induced by i^.) The map that we are interested in is the adjoint of with 
respect to Serre duality on X x X and pt x pt, respectively. Explicitly, we must have the 
equality 

Ttxxxiiy o = T:ptxpt(^^/^ o 1) 
and thus since 1 is nothing but the identity, we conclude that we must have 

Trxxx(ch(^) o u) = Trptxpt(«'^z^) = TvxM- 

6.3. We rewrite the above definition as follows: a homomorphism u : ^ "^A in ^cohi-^ ^ 
X) induces a natural transformation 

L{iy) : Ix =^ Sx 

between the identity functor and the Serre functor on nl^^{X). Thus for every ^ G Dcoh(^) 
we get a map 

Homxxx(^A,5A) Homx(^,5x^), 
whose left adjoint with respect to the Serre duality pairing we denote by l'^: 

HHo{X) = RomxxxiSA ® ^xxX' ^a) ^ Homx(^,^). 

With these notations, the above calculations reduce to the following equivalent definition of 
ch(^), similar to one given by Markarian j24j : 
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Definition 6.2. The Chern character of ^ is defined as the image 

ch(^) = i-^(id^) G HHo{X) 

of the identity morphism of ^ in HHq{X) under . Exphcitly, ch(^) is the unique element 
of HHq{X) such that 

Trxxx(z^ o ch(^)) = TTx{i^{i^)) = Tix{t^2A<^ ® ^)) 



for all V £ Hom 



Under the Hochschild-Kostant-Rosenberg isomorphism this definition of ch(^) agrees with 
the usual one [HI Theorem 4.5]. 

6.4. The following proposition shows that the map ch : D|!^i^(X) ^ HHq{X) factors through 
D^qj^(X) Kq{X) to yield the desired Chern character map 

ch : K^{X) ^ HH^{X). 

Proposition 6.3. If ^ ^ ^ M' —>■ ^[l] is an exact triangle in D'^^^{X), then 

ch(^) - ch(^) + ch(^) = 

in HHo{X). 

Proof. For any u G Homxxx('^A5 Sa), i-ii^) is a natural transformation, and as such it gives a 
map of triangles 

^ ► ^ ^[1] 



Observe that if we represent by an actual map of complexes of injectives, and 1^, by 
complexes of locally free sheaves, then the resulting maps in the above diagram commute on the 
nose (no further injective or locally free resolutions are needed), so we can apply ProDosition l2.3l 

to get 

Trx{i.^{iy)) - Trxii^ii^)) + Txx{i.^(y)) = 0. 

Therefore 

Trxxx(i^ o (ch(^) - ch(^) + di{J^))) = 

for any v G Homxxx('^Ai •S'a); since the Serre duality pairing between Homxxx(^A, •S'a) and 
HHq{X) is non-degenerate, we conclude that 

ch(^) - ch(5^) + ch(^) = 0. 

□ 

Example 6.4. To have a non-commutative example at hand, consider the case when G is a 
finite group, acting trivially on a point. The resulting orbifold BG = [■ /G] can be thought of 
as Speci? where R = C[G], the group ring of G. Indeed, a coherent sheaf on BG, which by 
definition is a finite-dimensional representation of G, is precisely the same thing as a module 
over C[G]. The Serre functor on BG is trivial, and BG x BG should be thought of as Spec(i2(8> 
R°), with represented by i? as a module over R0 R° by left and right multiplication (R° 
denotes the opposite ring of R) . Thus 

HHo{BG) = RomR^Ro{R,R) = Z{R), 
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where Z{R) represents the center of R (composition of morphisms in Hom(i?, R) is the same 
as multiphcation in Z{R) under the identification). Thus the Chern character is a map from 
-K'o(R'6p(G)) to the center Z{R) of the group ring. 

To understand this map, let / € Z{R) and y be a representation of G (i.e., a right R- 
module). The map /-^(/) : ^ — > ^ is multiphcation by / on the right. The Chern character of 
V, ch(y), is by definition the unique element ey G Z{R) such that 

TVsGxBG(ey • /) = TiBcii^if)) 

for all / G Z{R). The left hand side is XVregi^v ■ /)> the value at ey • f of the character xVrcg 
of the regular representation V^eg = R of G, and the right hand side is the value of xv at /. 
Recall that R, being semisimple, is isomorphic to the direct sum of the endomorphism algebras 
End(Vi) over a set of representatives {V^} of isomorphism classes of irreducible representations 
of G (Wedderburn's theorem). Let {ej} be the orthogonal set of idempotents corresponding to 
this decomposition. Then it is obvious from the fact that multiplication by is the projection 
on the End(Vi) component that we have 

Xvieg(ei • /) = XvAf)^ 
for any / € Z{R), and thus it follows that 

ch{Vi) = ei. 

By semisimplicity this computes the value of the Chern character of any representation. 
The explicit value of ch(Vi) can be found in [IT, 2.12]: 

cm) = r^^XV,a)xvA9-')9. 
' ' 9<^G 

7. Properties of the structure 

In this section we argue that properties b, c and d of the original Mukai construction hold 
if we replace H*{X, C) with Hochschild homology and v by ch. 

7.1. The commutativity of <I>* and ch is the content of the following theorem: 

Theorem 7.1. The following diagram commutes for any integral transform <I> : T)^^y^{X) — > 

Dcoh(^) — Dcoh(^) 



ch 



ch 



HHo{X) ^ HHo{Y). 

Proof. We use the first of the two equivalent definitions of ch given in Section IHl Let ^ be an 
object of D^jjj^(X), and let ^ = . Observe that we have 

since any functor from D^Qj^(pt) is determined by its value at ^pt- By Theorem 15.31 we have 

$,ch(<f) = $4(<t^x)a] = (i>ocDj^^)a 

= (<^y)a = ch(^)=ch($<^). 

□ 
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7.2. We now move on to adjoint properties of maps on homology induced by adjoint functors. 

Proposition 7.2. Let : ^ ^ Sxv^y^ = S[^^ o ^ o Sa.xj (^''^d let be the composite 
morphism 

" Sax ° Sax = SxxX^Ax- 

Then 

TrxxYi^^) = TTxxx{^^')■ 
Proof. Follows from a calculation entirely similar to that of Proposition 13 . II which is left to the 
reader. □ 

Theorem 7.3. Let ^ : 'D^^^iY) Y)l^^{X) be a left adjoint to Then we have 
for V G HH^{Y), w G HH^X). 

Proof. We begin with the observation that it is enough to show that 

T^, = $V : HH,{Y) ^ Hom3,^^(^A^,5A^), 
where r is the map defined in (|4.8j) . Indeed, if this equality holds, we have 
{v, ^^:W) = TrYxYiT{v) o ^^,w) = Trxxxi^HT{v)) o w) 
= Trxxxiri^*iv)) o w) = {^^v,w). 
We have observed in ()4.11l) that 

r : RomxxxiS^^,^A) ^ Homxxx(^A, 5'a) 
is the isomorphism given by 

H ^ T{fl) = /i (g) TT2Sx, 

and we considered a similar isomorphism 

f : RomxxxiS^^, ^a) Homxxx(^A, Sa) 

given by 

^ 1-^ f(/i) = /i (g) n*iSx, 

which corresponds to choosing left adjoints in the definition of the Mukai product, instead of 
right adjoints, as we did in Definition 14.31 We extend this notation to simply mean that r is 
the operation of tensoring with vTgSx, and f is the similar operation that corresponds to i^^Sx- 
Let 

a = t{v) : &Ay Say, 
P = f{w) : Gax Sax, 

and consider the morphisms 



/ii : ^ — ^^oSax ^ o ^ o Sa, 

fi2 ■ ^ " Say ° ^ " Say o =^ o Sa, 



By the commutativity of the trace (Lemma 12. '2() it follows that 

Trxxy(m) = Trxxy(/^2)- 
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Ix 

Sx 



ly 



■nSx 



Sy 



SyV 



^Sy^Sx 

Sx'^^^Sx 

Sx^Sx 



Sy^'S 
Sy^Sx'S 



Sy^^^Sy 



SxSx 



= SxSx SySy ^=^= SySy, 

where we have omitted the o signs, and we wrote Sx for Sax for ^Ax ■ 

Reading around the diagrams and using Proposition 17. 21 we see that 

Ttxxx{{^^a)Sx o P) = Trxxx(5'xeS'x o fii o fj) 
= Trxxy(Aii) = Trxxy(/^2) 
= Tryxy('S'yeS'y o ^2?^ o rj) 

= Tryxy(5y(^^/?)oa). 

Reverting to the r, f notation (where multiphcation by Sx or Sy on the left corresponds to 
T, and on the right to f), we conclude that 

T^^XxxiT'^^TV o fw) = Tryxy(T^^™ o Tv), 
or, since r, f are simply multiplication by a line bundle 

T'^'^Xxxi^^TV o w) = Tryxy (^'^™ ° v) 
= Tryxy (™ o '^*v) 
= TrYxYiT^*V o w), 

where the second equality is the definition of and the third one follows from the fact that 
Tf = SyxY and Lemma 1221 

Since w was arbitrary and the pairings are non-degenerate, we conclude that <I>V = r^'*, 
and this completes the proof. □ 



Remark 7.4. Although we have 

ri^Ax 

and 

t{Sax 

the two isomorphisms 

r, f : Homxxx('^Ax' 5'Ax 



ri^Ax) = Sax, 

t{Sax) = SxxX^Ax^ 

iiomxxx{SAx^SxxX^Ax) 
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are different. This can essentially be seen by looking at Chern characters. This is the reason 
we need to be careful about the distinction between r and r. 

Corollary 7.5. If ^ : D^^j^(X) ^ D^^j^(y) is an equivalence, then : HH^X) HH^Y) 

is an isometry with respect to the generalized Mukai product. 

Proof. We have 

= = {{^o<^)^x,y) = {x,y), 

where the last equality follows from the fact that if $ is an equivalence, then its left adjoint * 
is an inverse to it. □ 

7.3. The Hirzebruch-Riemann-Roch theorem is a consequence of the other properties: 

Theorem 7.6. For S",^ e D^^^(X) we have 

where %( • , • ) is the Euler pairing on Kq{X), 

= J](-ir dimExt^^(<f ,^). 

i 

Proof. Let p : X ^ pt be the structure morphism of X, and observe that i^x = P*^pt- The 
functor p* is left adjoint to p*, and if $ is the functor (f ® — , then its right adjoint ^ is given 
by ® -. 

Using the properties of the Mukai product and Chern character we get 
(ch(^), ch(^)) = (ch(# (8) ^x), ch(^)) 

= (ch($^x), ch(^)) 

= ($*ch(^x), ch(^)) 

= (ch(^x), ^*ch(^)) 

= (ch(^x), ch(^^)) 

= (ch(^x), ch(<f^^^)) 

= (ch(p*^pt), ch(^^^^)) 

= ((p*),ch(^pt), ch(^^^^)) 

= (ch(£?pt), (p*)*ch(^^®^)) 

= (ch(^pt),ch(p,(^^0^))) 

= (ch(^pt), ch(RHomx(<^,^))). 
Since ch is a map on K-theory, i^o(pt) — Z, and the Mukai product is additive, we see that 

(ch(^pt), ch(RHomx(<^,=^))) =x(RHomx(<^,=^)) ■ (ch(^pt), ch(^pt)) = xC'?, 
as it is a trivial computation to check that 

(Ch(^pt), Ch(^pt))pt = 1. 

□ 

Remark 7.7. The same proof works in the case of a global quotient orbifold, with some minor 
corrections. The map p : X ^ pi needs to be replaced hy p : X ^ [pt/G] = BG. Then we 
consider ff^^ with the trivial G-representation, andj»*^pt is what we use for ^x- The K-theory 
of BG is not Z, but we are only interested in the part that is generated by (with the trivial 
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representation), since we are only interested in G-equivariant Horn groups in the definition of 
X{^,'^) (see Section 4] for details). 

Remark 7.8. If we define td{X) = Tcli{i^x), we have the following alternative version of the 
above theorem 

X(=^) =TYxxx(td(X)och(^)), 
more reminiscent of the classical version of Hirzebruch-Riemann-Roch. 

7.4. We conclude with a mention of the following result, inspired by the Cardy condition in 
physics. We omit the proof, as we shall not use it in the sequel, and it is mainly an exercise 
in applying several times the basic construction (Proposition 13. l|) . The interested reader can 
easily supply the details. 

Theorem 7.9 (Cardy condition). Let (f, ^ be objects in Y)'^^^^{X), and let e G Romx{(^ , (S") 
and f € Homx(=^,=^). Consider the operator 

fTUe : Hom^((f,^) ^ Hom^((f,^) 

given by composition by f on the left and by e on the right. Then we have 

(/(e), L^if)) = Tr jm,, 

where l"^ , are the maps defined in \6.^ . and Tr denotes the alternating sum of the traces 
of the action of frrie on Hom^((f, ^). 

Observe that the Hirzebruch-Riemann-Roch formula is a direct consequence of the Cardy 
condition, with e = id^, / = id^. 

8. Derived equivalence invariance 

This section is devoted to a discussion of the invariance of the Hochschild structure under 
derived equivalences. This is the primary reason for our decision to use it instead of the 
harmonic structure given by cohomology of vector fields and/or forms discussed in jH]. We 
provide proofs of our statements in the "Ext" interpretation; it is obvious that the proofs in 
the categorical interpretation would be significantly shorter, perhaps trivial. 

8.1. We aim to prove the following result: 

Theorem 8.1. Let X and Y be spaces whose derived categories are equivalent via a Fourier- 
Mukai transform (i.e., the equivalence is given by an integral transform). Then there exists a 
natural isomorphism of Hochschild structures 

{HH*{X),HH^{X)) ^ {HH*{Y),HH4Y)). 

8.2. There are three statements implicit in the above theorem, which we'll discuss in turn: 

a. HH*{X) ^ HH*{Y) as graded rings; 

b. HH^{X) = HH^(Y) as graded modules over the cohomology rings; 

c. the isomorphism HH^,{X) = HH^{Y) is an isometry with respect to the generalized 
Mukai product. 

Proposition 8.2. Under the hypothesis of Theorem \8.1\ there is an equivalence of derived 
categories 

nUix X X) - bU{y X Y) 

which maps ^Ay o-iT'd S/^^^ to Say ■ 



22 ANDREI CALDARARU 

Again, this statement would be trivial in the "natural transformations" context: and 
i^Ay correspond to the identity natural transformations, and Saj^ and ^Ay correspond to the 
Serre functors (intrinsic to any triangulated category that possesses one). 

Proof. (Independently also proven in ^^1) I1H1-) Begin with the observation that if is an 
object in T)^^^{X x Y) that induces a Fourier-Mukai transform F = ^x^Y • ■'-^coh("'^) ~^ 
Bl^{Y), then = $| 

is also an equivalence. (We have not interchanged X and Y, as 

expected.) Indeed, 

F^^, = (Fff^y 

for x G X, and thus 

Homy(F^^,,F^^,0 = Homy((F^,)\(F^,0") 
= Homy(F^,,,F^,.) 

for x,x' X. It follows that the orthogonality condition of [HI Theorem 5.1] is satisfied by -F^ 
if it is already satisfied by F. Furthermore, if F is an equivalence 

F^^^. = {Fff^y ^ {Fff^ ® coyY = {Fff^y cvy^ = F^^^ ujy^ 

by Theorem 5.4], and therefore 

F''ff^(S)UJY = F'^G^, 

so we conclude by the same theorem that F^ is an equivalence. 

Now consider the objects S* = 'KySy and on X x y. Both induce equivalences 

Dcoh(^) ^ ^\o\SX)^ so by I2H1 Corollary 1.8] we conclude that if we let 

then induces an equivalence of derived categories : 'G\^^JyX x X) D''^^y^{Y x Y). 
(Here, TTij : X x Y x X x Y ^ X x Y are the projections onto the corresponding factors.) 
We claim that ^"^{^Ax) = ^Ay Indeed, we have 

«'^(^Ax) = vr24,*(vrJ3(^A^) ® ^), 

and 

where A 13 is the morphism 

Ai3 -.YxXxY^XxYxXxY 

which maps 

(^1,2^,2/2) ^ {x,yi,x,y2). 
Therefore, by the projection formula we have 

vri*3(^A^)® jr = Ai3,.Al3^, 

and by the commutative diagram 

Y X X xY ^" ■ X xY X X xY 

P13 



Y xY, 
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we conclude that 

where we have denoted by pij the projections from Y x X xY onto the corresponding factors, 
and 

But with notation as in Section |2 

and since ^x^y ^Y*-^x ^^re inverse to one another, 

^ o ^* ^ 

by the comments in ()2.2p . We conclude that 

The computation of ^*'^(>S'A_y) is entirely similar, and we shall omit the details. We shall 
only mention that what one obtains is that 

and in terms of functors that corresponds to 

FoSxoP-^, 

where F = But since the Serre functor is intrinsic this functor must be isomorphic to 
Sy , and hence it must be given by S^y equivalence of derived categories is induced by an 
object on the product which is unique up to isomorphism |271 Theorem 2.2]). □ 

Corollary 8.3. A Fourier-Mukai transform D^^^{X) = D^Qj^(y) induces an isomorphism of 
graded rings HH*{X) = HH*{Y), as well as an isomorphism HH^,{X) = HH^,{Y) of graded 
modules over the corresponding cohomology rings. 

Proof. Follows immediately from Proposition l8.21 It is useful to point out that this isomorphism 
is independent of the choice of isomorphism {^Ax) — ^Ay- indeed, different choices are 
conjugate by an element of Homy xv Ay , ^Ay), and these elements are central in HH*{Y). 
A similar argument works for HH^. 

In the affine case this theorem has been proven for cohomology even for non-commutative 
rings by Happel jT3] and Rickard [iM,.- (Rickard even removed the requirement that the equiv- 
alence be given by a Fourier-Mukai transform.) □ 

This completes parts a. and b. of Theorem 18.11 Part c. is just Corollarv 17.51 

Appendix A. A categorical approach via topology and TQFT's 

In this appendix we present two categorical/topological/TQFT approaches to the Hochschild 
structure. Some of the ideas will not be completely rigorous, however the intuition behind these 
approaches is often extremely valuable in understanding the proofs in this paper. 
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A.l. Consider the weak 2-category (the 2-category of "all derived categories"), defined as 
follows: 

- objects of are smooth, projective schemes (or compact orbifolds, or twisted spaces, 
etc.); we'll call the objects of ^ spaces; 

- if X and Y are spaces, Hom(X,y) = OhB''^^^{X x Y); 

- if (f , ^ are elements of Hom(X, Y), then 2-Hom((f , = Hom^b (xxY)i^^ 

coh ^ ' 

The composition of 1-morphisms is given by convolution of kernels, as in ()2.2|) . The horizontal 
and vertical composition of 2-morphisms is defined in the obvious way. The (weak) identity 

1- morphism X ^ X is given by ^Ax e Hom(X,X) = D[:^i^(X X X). (The reader unfamihar 
with 2-categories is referred to [21.) 

Observe that & has a richer structure than just that of a 2-category: if X and Y are spaces, 
Hom(X, Y) has a natural structure of a triangulated category which admits a Serre functor. 

A. 2. It is useful to consider the 2-functor $ : ^ ^ <tai between the 2-category & and the 

2- category Cat of all categories (where 1-morphisms are functors and 2-morphisms are natural 
transformations). The functor $ is defined by setting 

- $(X) = D[:„i^(X) for any space X; 

- cD(^) = : nl^iX) ^ T>l,Xy) for any object <f S T>l,X^ xY) = Hom^^(X, Y); 

- $(/) = ^-^x^Y ■ ^X^Y =^ ^X->Y fo^ ^'^y morphism j : S ^ ^ between (f , ^ G 
DU(^ X 

Note again that the natural properties associated with the triangulated structure are preserved 
($((f) is exact, <!'(/) commutes with translations, etc.) Example IB . 1 1 shows that $ can not be 
fully faithful, even if we impose extra conditions on what functors or natural transformations 
we allow in Cat. In spite of this, we shall think of <I> as being fully faithful, and thus think of 
morphisms of ^ as functors, 2-morphisms of ^ as natural transformations. For more on this 
problem and a possible way around it see Appendix IbI 

A. 3. Our purpose is to find invariants of spaces that are, in a sense to be made precise later, 
functorial with respect to . As a first example of such an invariant, consider associating 
to a space X the group Ki^(X x X). The functoriality of K<^ is expressed by the fact that 
for a morphism X ^ Y \u given by an object S G T^\^^{X x y), there is a natural map 
Kq{X xX)^Kq{J X Y) defined by 

^ € nthi.^ xX)^So^ og* 

where 

is the object in D^Qj^(y x AT) whose associated functor Ti\^^(X) —>■ D'^^^(Y) is left adjoint of 
^x^Y- easy to see that this association of morphisms in & and maps between Kq groups 
is functorial. 

A. 4. A useful analogy is obtained by considering the 2-category associated to a topological 
space T, where objects of are points of T, morphisms between two points x,y are given 
by paths in T from x to y, and 2-morphisms are given by homotopy equivalence classes of 
homotopies between paths. Observe that in all morphisms are isomorphisms. 

The first homotopy invariant of T that one studies is the fundamental group 7ri(r, x) of 
homotopy classes of loops based at x G T. Categorically, this can be thought of as the 
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set of morphisms x ^ x in ^ (loops at x), modulo the equivalence relation induced by 2- 

isomorphisms (i.e., homotopics) . Given a morphism x ^ y (a path from x to y), one obtains a 
natural map 7ri(r, x) — > Tri{T,y) by conjugating a loop at x with the given path x —> y. This 
map only depends on the homotopy class of the path x ^ y, and the association of maps to 
paths is functorial. 

It is now obvious that the same procedure that was used to construct the fundamental group 
of T has also been used to construct Kq{X x X) in ^. (In fact, the analogy is imperfect: in 
constructing Ko{X x X) we have taken the quotient of Oh'D^^^{X x X) by a far larger equiv- 
alence relation: while in defining vri we only identified 1-morphisms that were 2-isomorphic, in 
constructing Kq{X x X) we have declared that 1-morphisms that form a triangle should sum 
to zero. But in the context of the existence of the triangulated structure on Hom^(X, F) it 
makes sense to consider this coarser equivalence relation to get a more finite invariant.) The 
analogy also extends to the association of morphisms between ^Co-groups to 1-morphisms in 
the underlying category. 

The above discussion also shows one of the most important weaknesses of this analogy: while 
in ^ every morphism x ^ y is an isomorphism, and hence it makes sense to talk about its 
inverse when conjugating a loop at x to get a loop at y, morphisms in !^ are not invcrtiblc 
in general. Thus we had to settle for the weaker concept of left adjoint; but there was no 
particular reason to choose left over right: right adjoints would have worked equally well. 

A. 5. The procedure just described should be thought of as producing a functor 

Ko : <dp5 

from the decategorification l-S^ of & (the 1-category that is obtained from & by forgetting 
2-morphisms and setting 1-morphisms that are 2-isomorphic in & to be equal in to the 
category (Bps of groups. There is no reason, however, to stop at the tti level in our analogy 
with topological spaces. Indeed, note that 7r2(T, x), as the space of homotopy classes of maps 
(S'^,pt) {T,x), can be thought of as the space of homotopy classes of homotopies from the 
constant path Idj, at x to itself. In other words 

7T2{T,x) = 2-Hom^(Ida;,Id^). 

Just as in the case of tti, a path x ^ y induces in a functorial way a map 7r2(r, x) t^2{T, y). 

A. 6. By analogy, in the category ^ we associate to a space X its Hochschild cohomology 

HH*{X) = 2-Hom^(Idx,Idx) = HomD.^^(^^^)(^A, ^a). 

However, when we try to mimic the construction of the map tt2(T,x) Tr2{T,y) associated 
to a map x ^ y to obtain a map HH*{X) — > HH*{Y) associated to a map (in ^) X ^ Y 
we hit a major difficulty: in the topological setting, the construction relies on the fact that if 
f : X y is a. path in T, then /"^ o/ is homotopic to the constant path Id^;, and this homotopy 
can he read as either a 2-morphism 1 f"^ o f or o / ^ 1. In ^ this is no longer the 
case: we have to replace a path z ^ y by an object £' G D^qj^(X x Y), and there is no reason 
why the functor ^x^y should have an inverse. It will always have left and right adjoints, but 
these need not be isomorphic in general. In order to compensate for this discrepancy we need 
to modify the definition of HH* to 

HH,{X) = 2-Hom^(53^\ldx) = HomD.^^(^^^)(A!^x, ^a)- 
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As it turned out in Section |SJ with this definition it is possible to mimic the construction that 
we did above for 7r2, and to get a functor 

HH^ : 5Ject 

from the decategorification of & to the category of graded vector spaces. 

One can also see that when dealing with an isomorphism X ^ y in ^ (i-e., and equiva- 
lence of categories) the above technique can be used to construct an isomorphism HH*{X) = 
HH*{Y) (we use the fact that the left and right adjoints of an equivalence are isomorphic). 
This is precisely what we did in Section |HI 

A. 7. There is a second approach to Hochschild homology via topology, which in a sense is 
orthogonal to the above one. In this approach we consider the 2-category of 3-cobordisms 
with corners defined as follows (for details see j22j'l: 

- objects of ^ are smooth, oriented 1-manifolds (i.e., disjoint unions of circles); 

- 1-morphisms of are cobordisms between the objects of (smooth oriented surfaces 
with boundary); 

- 2-morphisms of ^ are cobordisms between 1-morphisms (3-manifolds with corners). 
We are interested in studying 2-functors from ^ Si. Such functors, when they satisfy 

certain other properties (the list of these properties varies in the literature), are also known as 
extended TQFT's (or 1-|-1-|-1 TQFT's). One of the more common requirements on TQFT's 
is that they should respect the monoidal structure on objects, given in ^ by disjoint union of 
1-manifolds and in S by product of spaces, and we shall search for functors with this property. 
When a TQFT F : 1-^ \S> is only defined between the decategorifications 1-*^, \S of 
and it is known as a 1-1-1 TQFT. 

A. 8. Building on work of Roberts, Sawon and Willerton (unpublished) we discuss a possible 
approach to constructing such a functor (their construction is essentially the same as ours, but 
with a different target category). Due to technical difficulties we shall actually only discuss 
their construction of a 1-functor ^ : 1-^ the main point of our discussion is to argue 

that despite the fact that we can prove that this functor can not be extended to a 2-functor 
^ ^ S, the functoriality property of Hochschild homology should be viewed as strong evidence 
that there exists a modification of the category 'rf for which such a lifting exists. Such a theory 
should yield interesting invariants of 3-manifolds. 

A. 9. Let us begin first with the construction of a 1-functor ^ : 1-'^ — > which depends 
on the choice of a space X. Associate to the space X, and since we want ^ to respect the 
monoidal structure on objects, 

^{S^]J - ■ ■]JS^) = X X ■ ■ ■ X X, 

so in particular ,^(0) = pt. To a pair of pants associate ^ ^cohi-^ x X x X), where A is 
the small diagonal 

{{x, x,x) £ X X X X X \ X £ X} 

in the product X xX xX (we think of objects in 'D^^^{X x X x X) as morphisms X ^ X x X 
in S). As functors, this corresponds either to 

A, : dU{X) ^ Bl^iX X X) 

or to 

A* : D^„JX X X) ^ D^„JX), 
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Figure 1. Computation of jr(5^) 




Figure 2. Computation of ^{T'^) 

depending on whether we want to think of the pair of pants as a cobordism from 5^ to 5^ ]J /S^, 
or the other way around. We associate to the disk (thought of as a cobordism — > S^) the 
object ffx € D|;^j^(pt X X). As a functor it corresponds either to p* or to depending on 
whether we view it as a map ^ S"^ or 5^ ^ (p : X — > pt is the structure map of X). 

Knowing this information is enough to determine the value of ^ on any 1-cobordism (any 
oriented surface with boundary can be decomposed into a finite number of pairs of pants and 
caps). Figures n and 12 show how to compute J^{S'^) and J2r(T^) (we think of a closed surface 
as a cobordism from the empty manifold to itself, and thus ^(closed surface) is a map from 
a point to itself in which is just a graded vector space). The results are 

^(T^) =p,A*A,^x = RHomx(^x, A*A,^x) 
= RHomxxx(A,^x, A,^x) = HH,{X). 

Thus we conclude that this 1+1 TQFT with target X should associate to the Hochschild 
homology HH^X) of X. 

A. 10. Unfortunately it is known that J^T can not be lifted to a 2-functor ^ ^ ^ . The 
obstruction to doing this has already appeared in the work of Khovanov y20j : his observation is 
that if one has a 2-functor F '.^ ^ Cot, then if S is any 2-dimensional cobordism (1-morphism 
in ^) between the 1-manifolds Ci and C2, then F{S), which is a functor between the categories 
F{Ci) and F{C2) must have a biadjoint (a functor which is both a left and a right adjoint to 
F(S)). This biadjoint is given by F{S'), where S' : C2 ^ Ci is the reverse cobordism, given 
by the same manifold S. 

In particular this shows that the functor ^ that we constructed earlier has no hope of 
lifting to a 2-functor ^ — > ^ unless the target space is a point: the composition $ o ^ 
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would be a 2-functor ^ Cat, which associates to a pair of pants (thought of as a morphism 
5^ ^ S'l ]J S"^) the functor : D^^j^(X) ^lohi^ ^ and to the reverse pair of pants 
A* : D^^j^(X X X) D^^i^(X). Unfortunately, while A* is a left adjoint to A*, it is not a 
right adjoint unless X = pt. 

A. 11. Let us, however, assume that an extension of ^ to a 2-functor could be found, for 
every target space X. Observe that once the image of ^ on is fixed, the entire functor 
^ is essentially fixed. We can expect that a similar statement would hold for natural trans- 
formations between such functors: given functors X ,'3^ •.'^-^Qi that correspond to spaces 
X, y , respectively, a natural transformation (with certain properties yet to be fixed) should be 
completely determined by its value on . But its value on is just a map X{S^) — > '^{S^) 
in i.e., an object in D^qj^(X x Y). Thus given spaces X and we should get associated 
2-functors and and given an object S G D^qJj(X x y), we should get an associated 
natural transformation between them. 

Observe that a natural transformation r] : 2^ ^ of 2-functors between and Q> is 
a collection of 1-morphisms 77(0) : 3^{o) — > 'W{p) associated to objects o € Ob^, as well 
as a collection of 2-morphisms 77(0 o') associated to 1-morphisms in ^. The 2-morphism 
r]{o ^ o') is depicted in the following diagram 



Note that in the 1-categorical setting, the commutativity of the above diagram is precisely the 
condition that 77 be a natural transformation (the corresponding commutativity conditions on 
?7 to be a natural transformation of 2-functors are too complicated to write down here). 

In particular, for every morphism : — > from the empty 1-manifold to itself (in 'tf ) we 
get a natural transformation 



Since morphisms in ^ between a point and itself are given by D[!Qjj(pt), and it is reasonable to 
expect that 77(0) = i^pt, it follows that 77(6") should be thought of as a morphism X{S) (S) 
(in D^^j^(pt), i.e., a morphism of graded vector spaces). In particular, taking S = T^, it follows 
that any such natural transformation will induce a map of graded vector spaces 



A. 12. To summarize the above discussion, the main conjecture that we make is that every map 
# : X{S^) —>■ '3^{S^) should lift to a natural transformation of 2-functors 77^:=^=^^?^ (in an 
appropriate sense), which in turn should induce a map of graded vector spaces X{S) '3^ (S) 
for every closed surface S, and in particular the existence of the map 




pt 




HH^X) = jr(r2) ^ ^(T^) = HH^Y). 



($i^y), : HH^X) ^ HH,{Y) 
should be regarded as conjectural evidence for the existence of such a lifting. 
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Figure 3. The Atiyah class 



A. 13. As a quick check of this conjecture, note that it also predicts that to an object ^ E 
■'-^coh(^ X Y) we should be able to associate in a natural way a map H*{X, 0'x) — > H*{Y, 0'y) 
(this corresponds to taking 3 = 3"^ instead of above): we believe the map should be given 

by 



H*iX,ffx) = iiomx{^x,^x] 



Homy($ 



Tr 



Homy (i^y, 



X^Y 



H*{Y, 



i^x)) 



A particular consequence of this conjecture would thus be that the numbers h^'^{X) should 
naturally be derived category invariants. 

A. 14. The problem with making these conjectures precise (and attempting to prove them) 
is the fact that it is obvious that one needs to change the category ^ and the construction 
of the functor ^ associated to a space X so as to incorporate the fact that 3x is nontrivial 
unless X is a point. For example, note that in our association of functors to cobordisms, the 
left and right adjoints of such functors only differ by a number of Serre functors (e.g.. A* is 
the left adjoint of A*, while the right adjoint is isomorphic to 5*3^ o A*, for A : X ^ X x X 
the diagonal embedding). The category needs to be changed in such a way as to break the 
symmetry given by the fact that a 3-dimensional cobordism 3i 4^ 32 can be read as either 
Si 5*2 or ^2 Si, for example by labeling 2-dimensional cobordisms by integers, and letting 
3-cobordisms "flow" from the larger integer to the smaller. Then to a labeled 2-cobordism we 
would still associate an object oi D{X x • • • x X) which would be supported on the small 
diagonal, but given by S^" for some appropriate n. 

A. 15. We conclude with a remark about the relevance of the Atiyah class in the context of 
TQFT's. This connects well with Kapranov's approach to the Rozansky-Witten TQFT jl8j . 
The point is that we shall see in [H] that the Atiyah class can be seen (via the HKR isomorphism) 
to be nothing else but the unit 

^ A,A*€?A 

of the adjunction A* H A^,. Pictorially this corresponds to the cobordism depicted in Figure 01 
induced by a standard surgery on a pair of pants, which is one of the two fundamental building 
blocks of cobordisms of surfaces. 



30 



ANDREI CALDARARU 



Appendix B. DG-categories versus derived categories 

As mentioned in the introduction, working with derived categories as triangulated categories 
raises several technical problems. We discuss these problems in this appendix, and we point 
out a possible way of solving them. The main difficulty arises from the fact that the functor $ 
that we introduced in Appendix^is not fully faithful, even if restrict it to map into a smaller 
category than G^ot, as the following example shows: 

Example B.l. Let X = Y = an elliptic curve over C, let ^ = the structure sheaf of the 
diagonal in X x X, and let = ^a[2]. Then = Id, is the translation by 2 functor. It 
is a straightforward calculation to see that 

Homxxy(^,5^) = Ext^>,y(^A, ^a) = C, 

but the fact that ^oi){X) has cohomological dimension 1 implies that any natural transfor- 
mation between the identity functor and the translation by 2 functor on X must be zero. 
(One has to use the fact that every complex on X is quasi-isomorphic to the direct sum of its 
cohomologies.) Therefore the functor $ can not be faithful in general. 

B.l. The trouble with the functor <I> as defined is that for two spaces X and Y, it is trying 
to be an equivalence between a triangulated category (IIom(X, y)) and a category which has 
no obvious triangulated structure (exact functors between Y)'^^^{X) and T)'^^^{Y)). There is 
another category of functors which is naturally triangulated and which we could use in our 
situation, namely 

ExFun+(X,y) = F°Prex(D(X),D(y)), 

where Prex is the DG-category of preexact functors between the DG-enhancements D(X), 
D(y) of Y)'^^^{X), Y)'^^^{Y), in the sense of Bondal and Kapranov The functor $ can be 
defined as before. It seems reasonable to expect that ExFun^(X, y) is independent of the 
choice of enhancement, carries a Serre functor which on objects is given by 

F Sy o F o Sx , 

and $ is fully faithful. As pointed out in Appendix^ if this is correct we can think of objects 
in D^qj^(X X y) as functors, and of morphisms between objects as natural transformations, in 
the above sense. 

B.2. As an example of this kind of reasoning, the following is a more intuitive "definition" of 
Hochschild homology and cohomology (see also ()A.6|) ): 

"Definition" B.2. Define 

HH\X) = HomExFun+{X,X)(lx, W), 

where Ix and [1] are the identity and translation functors on the pretriangulated category 
D(X) ( 3,, Section 3]). Similarly, define 

HHi{X) = HomExFun+{x,x)('S'x^ °[i]Ax), 

where Sx is the Serre functor of D^^j^(X) (which lifts to a functor on D(X)). 

Again, cohomology is naturally a ring (with multiplication given by composition of natural 
transformations) and homology is a module over cohomology. 
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B.3. The isomorphism r in the definition of the Mukai pairing has an obvious categorical 
interpretation: it is just the isomorphism r in (|3.4)) . The Mukai pairing on HH^{X) can now 
be reinterpreted by noting that the Serre dual of HHi[X) (with respect to the Serre functor 
on ExFun+(X, X)) is the space 

HomExFun+(x,x)(Id,5'x o[i\), 

which by (|.S.4|1 is isomorphic to HH-i{X) via r. The same definition of the Mukai pairing can 
now be written in the categorical context. 
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